An analysis method is proposed for the vibration analysis of the Mindlin rectangular plates with general elastically restrained edges, in which the vibration displacements and the cross-sectional rotations of the mid-plane are expressed as the linear combination of a double Fourier cosine series and four one-dimensional Fourier series. The use of these supplementary functions is to solve the possible discontinuities with first derivatives at each edge. So this method can be applied to get the exact solution for vibration of plates with general elastic boundary conditions. The matrix eigenvalue equation which is equivalent to governing differential equations of the plate can be derived through using the boundary conditions and the governing equations based on Mindlin plate theory. The natural frequencies can be got through solving the matrix equation. Finally the numerical results are presented to validate the accuracy of the method.
Introduction
Rectangular plates are important structural elements and the analysis of the vibration is very important for the design of plate-type structures in aerospace, electronic, mechanical, marine, nuclear, and structural engineering. Thus, many researchers have done much work and got a lot of results. However, this research is based on the classical Kirchhoff hypothesis. This theory neglects the effect of shear deformation and rotary inertia which result in the over-estimation of vibration frequencies. This deviation will increase with increasing plate thickness. To improve the results, the Mindlin first-order plate can be employed. So the vibration of Mindlin rectangular plates has begun to gain attention.
The effective methods used to analyze the vibration of Mindlin rectangular plates include Rayleigh-Ritz method [1] [2] [3] [4] and some numerical methods, such as differential quadrature method (DQM) [5, 6] and discrete singular convolution method (DSC) [7, 8] . Several analysis methods were also proposed by some researchers. Hashemi et al. derived the exact close form characteristic equations and their associated eigenfunctions for the thick rectangular plates with two opposite sides simply supported [9, 10] . Gorman used the superposition method to obtain a solution for the Mindlin plates [11, 12] .
Most existing studies are limited to the classical homogeneous boundary conditions. Recently, Li proposed a Fourier series method for the vibration analysis of arbitrarily supported beam [13] . The flexural displacement of the beam is sought as the linear combination of a Fourier series and an auxiliary polynomial function. Subsequently, this method is extended to the flexural and in-plane vibration of rectangular plates under general boundary conditions. The flexural and in-plane displacement of the plate is sought as the linear combination of a double Fourier cosine series and auxiliary series functions [14] [15] [16] . It has been shown that this solution method works very well for various edge supports.
In this paper, an improved Fourier series method is employed to analyze the free vibration of Mindlin rectangular plates with general elastic boundary supports, in which the vibration displacements and the cross-sectional rotations of the mid-plane are expressed as the linear combination of a double Fourier cosine series and four one-dimensional Fourier series. The possible discontinuities problems, which maybe encountered in the displacement and rotations partial differentials along the edges, can be solved by these 
Mathematical Modeling and Solution Methodology
Consider a rectangular Mindlin plate elastically restrained along all edges, as shown in Figure 1 . The boundary conditions are physically realized in terms of three kinds of restraining springs (translational, rotational, and torsional springs) attached to each edge. Different boundary conditions can be directly obtained by changing the stiffness of springs.
The governing differential equations for free vibration of a Mindlin plate are given by ℎ (
where is the transverse displacement, and are the slope due to bending alone in the respective planes, is the shear correction factor to account for the fact, = /2(1 + ) is the shear modulus, is the Poisson's ratio, = ℎ 3 /(12(1− 2 )) is the flexural rigidity, is the mass density, and ℎ is the thickness of the plate.
In terms of transverse displacements and slope, the bending and twisting moments and the transverse shearing forces in plates can be expressed as
There are three forces along every edge and they are the bending moment, the twisting moment, and the shearing forces. Three kinds of restraining springs (rotational, torsional, and translational springs) along every edge can be corresponding to these three forces. The boundary conditions for an elastically restrained rectangular plate are as follows: 
where 0 and ( 0 and ) are the translation spring constants, 0 and ( 0 and ) are the rotational spring constants, and 0 and ( 0 and ) are the torsional spring constants at = 0 and = ( = 0 and = ), respectively. All classical homogeneous boundary conditions can be easily derived by simply setting each of the spring constants to be infinite or zero.
According to the Mindlin plate theory, the transverse displacement of the plate median surface and the rotations of the cross-section, respectively, along the direction and the direction are utilized. In this study, these quantities are expressed in form of improved Fourier series expansions [16] :
where 3 , and 3 are the expansion coefficients, = / , = / , and are the length and width, respectively, and
Theoretically, there is an infinite number of these supplementary functions. However, one needs to ensure that the selected functions will not nullify any of the boundary conditions. It is easy to verify that 1 (0) = 1 ( ) = 1 ( ) = 0, 1 (0) = 1, 2 (0) = 2 ( ) = 2 (0) = 0, 2 ( ) = 1, similar conditions exist for the supplementary function indirection. Though these conditions are not necessary, they can simplify the subsequent mathematical expressions and the corresponding solution procedures.
One will notice from (4) that beside the standard double Fourier series, four single Fourier series are also included. The potential discontinuity associated with the -derivative and -derivative of the original function along the four edges can be transferred onto these auxiliary series functions. Then, the Fourier series would be smooth enough in the whole solving domain. Therefore, not only is this Fourier series representation of solution applicable to any boundary conditions but also the convergence of the series expansion can be improved.
Substituting (4) into the boundary conditions, for example, 0 = − , at = 0; one can have
In order to derive the constraint equations for the unknown coefficients, all the sine terms and the auxiliary series functions will be expanded into Fourier cosine series. The related formulas are provided in Appendix A. Then, by equating the coefficients for the like terms on both sides, one can obtain the following equations:
2 ) .
Similarly, the substitution of (4) into the remaining boundary conditions will lead to eleven equations that can be obtained from (3):
When all the series expansions are truncated to = and = in numerical calculations, the twelve equations can be rewritten in a matrix form as
where 
The elements of the matrices H and Q are defined in Appendix B.
By substituting (4) into the governing differential equation (1), as mentioned earlier, all the sine terms and the auxiliary series functions are expanded into Fourier cosine series.
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Then, by equating the coefficients for the like terms on both sides, one can obtain the following equations:
Writing in matrix form, we have
Substituting (9), the final system equations can be obtained as
where K = C + DH −1 Q and M = E + FH −1 Q. The element of the matrices C, D, E, and F are defined in Appendix B. The natural frequencies and eigenvectors can be obtained through solving (13) . Then, the physical mode shapes also can be got using (4) and (9).
Result and Discussion
Several examples involving various boundary conditions will be discussed in this section. To avoid any comparison of the roundoff results, which might be unrealistic, the nondimensional frequency is used. For the analysis, Poisson's ratio = 0.3 and shear correction factor = 5/6 are used.
First, convergence studies are carried out. Table 1 gives the frequencies calculated by using different number of terms in the series expansion for F-F-F-F Mindlin rectangular plates (for / = 1 and ℎ/ = 0.1). It shows that the results are very accurate when and are small numbers. When and are larger than 10, results are almost invariant. So this method has a very good convergence characteristic.
In order to evaluate the accuracy of the present method, the comparisons with those results reported in the literature are carried out. First of all, considering a plate with two opposite simple edges and the other two edges free (S-F-S-F).
A simple edge can be obtained by setting the translational and torsional spring constants to be infinite (here the infinite is represented by a very large number, × 10 7 , and is the flexural rigidity) and the rotational spring constants to be zero. A free edge can be obtained when all the spring constants are zero. In Table 2 , the first seven nondimensional frequency parameters, Ω = ( 2 )( ℎ/ ) 1/2 , are given with different aspect ratios and thickness ratios. At the same time, a comparison of the exact solution in [9] is also presented. The results show that the calculated frequencies are excellent. As mentioned earlier, the series expansion will have to be truncated in numerical calculations. In this example and all the subsequent calculations, the setting = = 12 is used. Specially, in order to compare with the results in [9] , shear correction factor = 0.86667 is used.
Three more classical cases (C-F-F-F, C-F-S-F, and C-S-S-F) were considered, and the corresponding frequency parameters are listed in Tables 3, 4 , and 5. A clamped edge can be viewed as all the spring constants set to be infinite. The frequency parameters solved by Ritz method and DSC method also are given as a comparison. A good agreement is also observed among these solutions.
This method not only can solve the Mindlin rectangular plates with classical boundary conditions but also can solve plates with the elastical supports. Xiang et al. [3] and Gorman [11] and Zhou [4] also researched Mindlin plates with elastically restrained edges, but they both used two kinds of springs (rotational and translational springs) to realize the elastical supports along every edge. As mentioned earlier, three kinds of springs along every edge are needed to truly realize the general elastic supports, including all classical homogeneous boundary conditions. Table 6 gives the first seven frequency parameters for Mindlin rectangular plates (for / = 1 and ℎ/ = 0.2) with two opposite free edges, the other two edges only elastically restrained against translation, and Table 7 gives the first seven frequency parameters for the plates with two opposite free edges, the other two edges symmetrically elastically restrained. Table 8 lists the frequency parameters when the translational, rotational, and torsional spring constants are all varying at = . For simplicity, all the restraining springs are assumed to have the same stiffness in the three examples. Table 8 shows that the results are invariant when is larger than 10 7 , so it is appropriate to set infinite to be × 10 7 in this paper. 
Appendices

A. Supplementary Series
We have (A.1)
